Abstract. Some coincidence point theorems for weakly inward multivalued /-contractions are proved. Thus several related results in the literature are either extended or improved.
Introduction and preliminaries
Let X = (X, d) be a metric space and S a nonempty subset of X. We denote by CD(S) the family of nonempty closed subsets of S, by CB(S) the family of nonempty closed bounded subsets of S, and by K(X) the family of nonempty compact subsets of S. If d is not bounded, we can replace d by a bounded equivalent metric, say, max{d, 1}. Let H be the Hausdorff metric on CD(X) and T : S -> CD{X) be a multivalued map. Then T is said to be a contraction if there exists 0 < k < 1
such that H(T(x), T(y))
< kd (x, y) for x, y € S. If k = 1, then T is called nonexpansive. A point x* is a fixed point of T if x* e T(x*). Let / : S -> X be a map and R(f) denote the range of /. Then T is called an /-contraction if there exists 0 < k < 1 such that H(T(x),T(y)) converges to yo in X, then xo 6 S and yo € T(xo). For any set A C X, dA stands for boundary of A.
The well-known Banach contraction principle was extended to a multivalued contraction by Nadler [12] in 1969. A proper generalization of Nadler's result was obtained by Kaneko [5] , Afterwards, Daffer and Kaneko [2] extended a coincidence point result of Keneko [5] to include the class of multivalued /-contractive maps. On the other hand, several fixed point theorems for multivalued nonself-mappings have been obtained by a number of authors, see, for instance, the work of Assad and Kirk [1] , Downing and Kirk [3] , Kirk and Massa [6] , Lim [9, 10] , Xu [13] , Yi and Zhao [14] , Zhang [15] , Zhong, Zhu and Zhao [16] , etc. Recently, Latif and Tweddle [8] obtained several coincidence point theorems for nonself /-contraction and /-nonexpansive maps without commutativity assumptions, which unify and extend various known fixed point theorems. Most of their results involve compact-valued maps. It is natural to ask the question whether the conclusions of their results remain valid if the maps are closed-valued. In this paper, we prove some coincidence point theorems for weakly inward /-contraction and /-nonexpansive maps which only takes closed values. We also consider a new class of /-contraction maps with a non-constant contractive coefficient. Thus, the results of Itoh and Takahashi [4] , Lami Dozo [7] , Latif and Tweddle [8] , Martinez-Yanez [11] , and Zhang [15] are either extended or improved.
Main results

THEOREM 2.1. Let S be a nonempty subset of a complete metrically convex metric space X. Let f : S -• X be any map such that R(f) is closed and let T : S -• CD(X) be an f-contraction. Assume that for any t e R{f), T(x) C clIR{f)(t) for x € / -1 (i), where lR(f){t) = {u e X : 3s € R(f) s.t. s € [i,ix]}. Then there exists x* G S such that f(x*) € T(x*).
Proof. The proof follows ideas of Latif and Tweddle [8], Let F : R(f) -> CD(X) be a mapping defined by F(t) = Uiey-i(i)T(x). Since T is constant on /~1( i )> i1; follows that F(t) = T(x) for all x € f~1(t).
Furthermore, F is an /-contraction on R(f). Indeed, fix any s,t e R{f)-Then H(F(s), F(t)) = H(T(x),T(y)) for all (x,y) € f~l(s) x /^(i). It further implies that H(F(s), F(t)) < hd(s,t). Also F is weakly inward in the sense that for any t G R(f), F(t) c clIR{f)(t).
By Theorem 2 of Lim [9] , F has a fixed point, that is, there exists t € R(f) such that t £ F(t). Hence, taking x* € / _1 (0» we obtain f(x*) e T(x*).
COROLLARY 2.2. [8, Theorem 2.1] Let S be a nonempty subset of a complete metrically convex metric space X. Let f : S -> X be any map such that R(f) is closed and let T : S -> CB{X) be an f-contraction.
Assume that
T(x) C R(f) for all f(x) € dR(f). Then there exists x* G S such that f(x*)eT(x*).
In case X is a Banach space, we obtain the following result, which improves Theorem 2.2 of Latif and Tweddle [8] ,
THEOREM 2.3. Let S be a nonempty subset of a Banach space X. Let f : S -• X be any map such that R(f) is closed and let T : S -> CD(X) be an f-contraction. Assume that for any t G R(f), T(x) C cllji^(t) for x G / -1 (t). Then there exists x* G S such that f(x*) G T(x*).
Proof. The proof is exactly the same as that of Theorem 2.1 we only need to notice that the corresponding map F has a fixed point by 
Assume that for any t e R(f), T(x) C clI R^( t) for x G / -1 (i). Then there exists x* G S such that f(x*) G T(x*).
Proof. Define F : R(f) -• K(X) by the same way as in the proof of Theorem 2.1. Then F is weakly inward. Fix any s, t G R(f). Now H(F(s),F(t)) = H(T(x),T(y))
for all (x,y) G / _1 ( s ) x f (*), which implies that
where to = f(xo). By Theorem 2.5 of Zhong, Zhu and Zhao [16] , F has a fixed point in -R(/), that is, there exists t
6. Theorem 2.5 can not be extended to multivalued /-nonexpansive maps; not even for the case when f = I, the identity map on S, see, for instance, Example 2.6 of Zhong, Zhu and Zhao [16] . It would be an interesting problem to prove Theorem 2.5 when T only takes closed-values. However, using arguments similar to those of Xu [13] , it can be shown that Theorem 2.5 is still true if T is closed-valued and satisfying the condition that each x G / -1 (i) has a nearest point in Tx.
The following theorems are basically due to Latif and Tweddle [8] , which were proved for a compact-valued map T. In view of Theorem 2.2, we observe that the conclusions of the results remain valid if T assumes only closed values. We omit their proofs.
THEOREM 2.7. Let S be a nonempty subset of a Banach space X. Let f : S -> X be any map such that R(f) is closed, bounded and starshaped and let T : S -> CD(X) be an f-nonexpansive map. Assume that (/ -T)(S) is closed and that for any t G R(f), T(x) C clln^(t)
for x G / _1 (i). Then there exists x* G S such that f(x*) G T{x*).
THEOREM 2.8. Let S be a nonempty weakly compact subset of a Banach space X. Let f : S -> X be a weakly continuous map such that R(f) is starshaped and let T : S -• CD(X) be an f -nonexpansive map. Assume that f -T is demiclosed and that for any t G R(f), T(x) C cll^f)(t) for x G / -1 (t). Then there exists x* G S such that f(x*) G T(x*).
In case / = I, we at once obtain the following result. REMARK 2.10. Corollary 2.9 improves Theorem 3.8 of Zhang [15] and contains Theorem 3.2 of Lami Dozo [7] as well as a result of Itoh and Takahashi [4] as special cases.
